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1. Introduction 

Bochner's inequality is one of the most fundamental estimates in geometric analysis on Rie- 
mannian manifolds. It states that 

-AlViiP - (Vn, VAn) > K ■ iVuP + — • I AnP (1.1) 

for each smooth function n on a Riemannian manifold (M, g) provided G M is a lower bound for 
the Ricci curvature on M and G (0, oo] is an upper bound for the dimension of M. The main 
results of this paper is an analogous Bochner inequality on metric measure spaces {X, d, m) with 
linear heat flow and satisfying the (reduced) curvature-dimension condition. Indeed, we will also 
prove the converse: if the heat flow on a mms {X, d, m) is linear then an appropriate version 
of (1.1) (for the canonical gradient and Laplacian on X) will imply the reduced curvature- 
dimension condition. Besides that, we also derive new, sharp VF2-contraction results for the 
heat flow as well as L^-gradient estimates and prove that each of them is equivalent to the 
curvature-dimension condition. 

That way, we obtain a complete one-to-one correspondence between the Eulerian picture 
captured in the Bochner inequality and the Lagrangian interpretation captured in the curvature- 
dimension inequality. 

To simplify the presentation, in this introduction all mms under consideration will be assumed 
to be non-branching length spaces of unit total mass. 

The curvature-dimension condition CE>{K, N) was introduced by the third named author 
in [24]. It was later adopted and slightly modified by Lott & Villani, see also the elaborate 
presentation in the monograph [25]. The CD(iir, A^)-condition for finite is a sophisticated 
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tightening up of the much simpler CD(i4r, oo)-condition introduced as a synthetic Ricci bound 
for metric measure spaces independently by Sturm [24] and Lott & Villani [18]. From the very 
beginning, a disadvantage of the CD(iir, A^)-condition for finite was the lack of a local-to- 
global result. To by-pass this drawback, Bacher & Sturm [8] introduced the reduced curvature- 
dimension condition CT)*{K, N) which shares a local-to-global property and which is equivalent 
to the local version of CD{K, N). 

The curvature-dimension condition CD(i^, A^) has been verified for Riemannian manifolds 
[24], Finsler spaces [19], Alexandrov spaces [21], cones [7] and warped products of Riemannian 
manifolds [15]. Actually, in all these cases the conditions CD(A', A^) and CD*(Ar, A^) turned out 
to be equivalent. 

A completely different approach to generalized curvature-dimension bounds was set forth in 
the pioneering work of Bakry and Emery [9] . It applies to the general setting of Dirichlet forms 
and the associated Markov semigroups and is formulated using the (iterated) carre du champ 
operators build from the generator of the semigroup. This energetic curvature-dimension 
condition BE(i(', A^) has proven a powerful tool in particular in infinite dimensional situations. 
It yields hypercontractivity of the semigroup and has successfully been used to derive functional 
inequalities like the logarithmic Sobolev inequalities in a variety of examples. 

Among the remarkable analytic consequences of the Bakry-Emery condition BE(i^', oo) we 
single out the point- wise gradient estimates for the semigroup Hf. It implies that for any / in 
a large class of functions 

TiHtf) < e-^''' HtTif) , (1.2) 
where T is the carre du champ operator. 

The relation between the two notions of curvature bounds based on optimal transport and 
Dirichlet forms has been studied in large generality by Ambrosio, Gigli and Savare in a series of 
recent works [5, 6], see also [2]. 

The key tool of their analysis is a powerful calculus on metric measure spaces which allows 
them to match the two settings. Starting form a metric measure structure they introduce the so 
called Cheeger energy which takes over the role of the 'standard' Dirichlet energy and is obtained 
by relaxing the L^-norm of the slope of Lipschitz functions. A key result is the identification of 
the L^-gradient flow of the Cheeger energy with the Wasserstein gradient flow of the entropy. 
This is the mms equivalent of the famous result by Jordan-Kinderlehrer-Otto [14] and allows 
one to define unambiguously a heat flow in metric measure spaces. 

We say that a metric measure space is Riemannian if the heat flow is linear. This is equivalent 
to the Cheeger energy being the associated Dirichlet form. We denote its domain by Vl^^'^. Under 
the assumption of linearity of the heat flow, Ambrosio-Gigli-Savare prove that BE(Ar, oo) is 
equivalent to CD{K, oo). 

Combining linearity of the heat flow with the CD (AT, oo) condition leads to the Riemannian 
curvature condition RCD(A', oo) introduced in [5]. This concept again turns out to be stable 
under Gromov-Hausdorff convergence and tensorization. 

Recently, also Bochner's inequality has been extended to singular spaces. Ohta & Sturm 
[20] proved it for Finsler spaces and Zhang & Zhu [27] for Alexandrov spaces (extending previous 
work by Gigli, Kuwada & Ohta [13]). Finally, Ambrosio, Gigli & Savare established the Bochner 
inequality without the dimension term (i.e. with A^ = oo) in RCD(Ar, oo) spaces. 

However, in the classical setting, the full strength of Bochner's inequality only comes to play if 
also the dimension effect is taken into account, i.e. with finite A^. This can be seen for example 
from the famous results of Li~Yau [17] who derive from it a differential Harnack inequality, 
eigenvalue estimates for the Laplacian and Gaussian heat kernel bounds. 

In this work we extend the results of Ambrosio-Gigli-Savare and prove for Riemannian metric 
measure spaces the equivalence of curvature-dimension bounds via optimal transport and via the 
Bakry-Emery approach. In particular, we establish the full Bochner inequality on such metric 
measure spaces. 
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Our approach strongly relies on properties and consequences of a new curvature-dimension 
condition, the so-called entropic curvature dimension condition CT)'^{K,N). It simply 
states that the Boltzmann entropy Ent is (i^, A^)-convex on the Wasserstein space ^2(^1 d). 
Here a function u on an interval / C M is called {K, N)-con.vex if 

u" > K + ^-{ur. (1.3) 

A function U on a geodesic space is is called {K, N)-convex if it is {K, N)-convex along each 
unit speed geodesic. This way, (K, A^)-convexity is a weak formulation of 

HessC/ > K + ^{VU . (1.4) 

Our first result is the following 

Theorem 1 (Thm. 2.10). A non-branching mms {X,d,m) satisfies the entropic curvature- 
dimension condition CD'^{K,N) if and only if it satisfies the reduced curvature-dimension con- 
dition CD* {K,N). 

We say that a metric measure space satisfies the Riemannian curvature-dimension con- 
dition RCD(Er, iV) if it satisfies CD'^(i^, A^) and the heat flow is linear. This notion turns out 
to have the natural stability properties. Namely, we prove (see Theorems 3.19, 3.20, 3.21) that 
the RCD(i^, A^) condition is preserved under Gromov-Hausdorff convergence and tensorization 
of metric measure spaces and holds globally if and only if it holds locally. 

The geometric intuition coming from the analysis of {K, A^)-convex functions and their gradi- 
ent flows leads to a new form of the Evolution Variation Inequality FiV1k,n on the Wasser- 
stein space taking into account also the effect of the dimension bound. 

Until now, the notion of EVI^^-^tv gradient flow was known only without dimension term (i.e. 
with A^ = 00). These Evolution Variational Inequalities first appeared in the setting of Hilbert 
spaces where they characterize uniquely the gradient flows of i^-convex functionals. 

In a general metric setting and in connection with optimal transport these inequalities have 
been extensively studied in [11, 5]. In particular, it turned out that RCD(A', 00) spaces can be 
characterized by the fact that the heat flow is an EVIx.oo gradient flow of the entropy. 

Here we obtain a reinforcement of this result. Namely, the new Riemannian curvature- 
dimension condition ROD (if, A^) is equivalent to the existence of an FiVIk^n gradient flow of 
the entropy in the following sense. 

Theorem 2 (Def. 1.7, Thm. 2.15). A mms (X,d,m) satisfies RCD(i^, A^) if and only if every 
fiQ £ ^2{X,d) is the starting point of a curve {^t)t>o ^2(^^,6?) such that for any other 
V G ^2{X,d) and a.e. t> 0: 



di 



s.,. [Iw^i,,,.))' + K . ,,,, < f (1 - (1.5) 

Here Un{p) = exp ^ — -^Ent(/i)^ and sx/n {'"') = ^^"^ (V^^) f^^'™^^^^^ > and with 
the usual re-interpretation in the case K <0). 

This curve is unique, in fact, it is the heat flow which we denote with denote in the following 
with slight abuse of notation by nt = HtfiQ. 

The Evolution Variation Inequality EVIj^-^at as stated above immediately implies new, sharp 
contraction estimates (or, more precisely, expansion bounds) in Wasserstein metric for the heat 
flow. 

Theorem 3 (Thm 1.12, Thm. 3.1). Let {X,d,m) be a RC'D{K,N) space. Then for any 
fi,i^ e ^2{X, d) and s,t > 0: 

SKIN (^W2{H,^,H,.)j < e-^(^+*).^/^ Ql^2(^,.))' + f (1 - e-^(-+^)) ^^~/^f • 

(1.6) 
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Due to the work of the second name author [16] , it is weh known that VF2-expansion bounds 
are intimately related to L^-gradient estimates. The next result is a particular case of a more 
general equivalence that will be the subject of a forthcoming publication. 

Theorem 4 (Thm. 4.4). Assume that the heat flow is linear and satisfies the W2-expansion 
bound (1.6). Then for any f of finite Cheeger energy: 

|VH,/|^ + _^i|^|AH,/p < e-2^*H,(|V/|^). (1.7) 

Here |V/|t„ denotes the weak upper gradient of / introduced in [4]. Wang [26] has pointed 
out the relation between L^-gradient estimates for the heat flow and the Bochner inequality 
on smooth Riemannian manifolds. Extending his equivalence results to the non-smooth setting 
leads to the Bochner formula for the canonical gradients and Laplacians on mms. 

Theorem 5 (Thm. 4.5). Assume that the heat flow is linear and satisfies the L'^ -gradient 
estimate (1.7). Then for all f £ D{A) with A/ E W^''^{X,d,m) and all g £ D(A) bounded and 
non-negative with Ag G L°°{X,m) we have 

\ J Ag\Vf\ldm- J g{V{Af),Vf)dm>K J g\Vf\ldm + ^ J g{Aff dm . (1.8) 

Theorem 6 (Thm. 4.10). Assume that the heat flow is linear. Then the Bochner inequality 
B1{K,N) (1.8) implies the entropic curvature- dimension condition CD^{K,N). 

Thus we have closed the circle. All the previous key properties are equivalent to each other, 
at least if we require the heat flow to be linear (in other words, if the underlying mms is a 
Riemannian mms). 

Theorem 7 (Summary). For a Riemannian metric measure space {X,d,m) the following prop- 
erties are equivalent: 

(i) CB* {K,N), 

(ii) CB%K,N), 

(iii) Existence of the FiV1k,n gradient flow of the entropy starting from every fi G ^2iX, d), 

(iv) The W2-expansion bound (1.6), 

(v) The Bakry-Emery-Wang Lp^ -gradient estimate (1.7), 

(vi) The Bochner inequality ^^{K^N) (1.8). 

Organization of the article. First we illustrate the new concept of {K, A^)-convexity in 
a smooth and finite dimensional setting. Since many of the arguments which relate geodesic 
convexity, the Evolution Variational Inequality and space-time expansion bounds for the gradient 
flow are of a purely metric nature we study ^\1k,n and its consequences in the general setting 
of metric spaces in Section 2. In Section 3 we turn to the study of (X, A^)-convexity of the 
entropy on the Wasserstein space. The entropic curvature-dimension condition is introduced in 
Section 3.1 and its basic properties are established. In particular we prove equivalence with the 
reduced curvature-dimension condition for non-branching spaces. In Section 3.3 we prove that 
the entropic curvature-dimension condition plus linearity of the heat flow is equivalent to the 
existence of an EVIx,Af gradient flow of the entropy which leads to the Riemannian curvature- 
dimension condition. Here we also prove the stability results for RCD(ir, A^). Finally, in Section 
4 we prove the equivalence of the entropic curvature-dimension condition, L^-gradient estimates 
and the Bochner inequality for Riemannian metric measure spaces. 

2. (K, A)-CONVEX FUNCTIONS AND THEIR EVI GRADIENT FLOWS 

2.1. Gradient flows and (i(', A^)-convexity in a smooth setting. In order to illustrate 
the concept of (ii', A^)-convexity of the entropy and the consequences for its gradient flow, we 
consider in this section a smooth and finite-dimensional setting. 
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Let M be a smooth connected and geodesically complete Riemannian manifold with metric 
tensor (•, •) and Riemannian distance d. Let ?7 : M — )■ M be a smooth function. Given two real 
numbers G M and > 0, we say that U is [K, iV)-convex, if 

HessC/- Vf/) > K, (2.1) 

in the sense that for all x G M and v G TxM we have 

HessC/(x)H-^(VC/(x),t;)2 > K\v\l . 

Obviously, this condition becomes weaker as N increases and in the limit — t- oo we recover 
the notion of i^-convexity, i.e. Hess U > K. It turns out to be useful to introduce the function 
Un ■■ M M.+ given by 



Un{x) 



exp 



1 

'n 



U{x) 



A direct calculation shows that (2.1) can equivalently be written as: 

K 

Hess Um < ——■ Um . 

This condition can be thought of as a "concavity" property of Un. As with concavity, it can be 
expressed in an integrated form. To this end we introduce the following functions. 



(2.2) 



Definition 2.1. For k G 



Moreover, for t G [0, 1] we set 



I and 9 > we define the functions 

'-^sin(y^0) , K>0, 

= \ g, k = 0, 

^ sinh [^/^9) , K < , 

J cos {\/k,0) , K > , 
I cosh (\/—k6\ , K < . 



, V and kO^ < 7r2 , 
t , ^6*2 = , 

_+oo , k6'^ > vr^ . 



Lemma 2.2. The following statements are equivalent: 

(i) The function U is (K, N)-convex. 

(ii) For each constant speed geodesic {'Jt)te[o,i] ^ '^'^^ ^ ^ [Oi 1] have with d : 
'^(7o,7i)- 

(iii) For each constant speed geodesic {'yt)te[o,i] have that 



(2.3) 



Un ill 



< 



CK/N{d) ■ Un{7o) + ^ ^ 



UNilt) 



t=0 



Proof. (i)=^>(ii): Let {'yt)t^[o^i] be a constant speed geodesic. Then in particular {jtl-yt 
(2.2) immediately yields that the function u : t ^ UN{"ft) satisfies 

u"{t) < -§d'-u{t). 



(2.4) 
d and 

(2.5) 



The function w : [0, 1] — t- R given by the right-hand side of (2.3) has the same boundary values 
as u and satisfies v" = —{K/N)d ■ v. A comparison principle thus yields u > v. 

(ii)=^(iii): This follows immediately by subtracting Un{^q) on both sides of (2.3), dividing 
by t and letting t\0. 
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(iii)^(i): Let 7 : [—1,1] — M be a constant speed geodesic with 70 = x and 70 = v, 
i.e. d = d(7o,7i) = \v\. Using (2.4) for the rescaled geodesies 7' : [0,1] — M, t 1— 7^4 and 
7" : [0, 1] —7- M, 1 1— )• 'j-et and adding up we obtain 

UNile) + UN{l-e) " 2cK/N{ed) ■ Un{1o) < . 

Dividing by and using the fact that cx/Ar(ec^) = 1 — ^e^^^ + finally yields 



K 

IlessUN{x)[v] < • 



□ 



Remark 2.3. We note that the existence of a (JC, A^)-convex function [/ : M — )■ M with A' > 
poses strong constraints on the manifold M. In particular, it implies that the diameter of M is 

bounded by ^J^tt. This is immediate from the characterization (2.3) and the singularity of the 
coefficient cTk^(-) at tt/v/k. 



Lemma 2.4. A smooth curve x : [0, oo) M is a solution to the gradient flow equation 

xt = -VU{xt) Vt > , (2.6) 

if and only if the following Evolution Variation Inequality (EVIk,n ) holds: for all z ^ M and 
all t>0: 

Proof. To proof the only if part, &x t > 0, z £ M and a constant speed geodesic 7 : [0, 1] — t- M 
connecting xt to z. Observe that by (2.6) and the first variation formula we have 



"di 



Un{7s) = -^UN{xt){VU{xt),jo) = -^UN{xt){xt,io) 
= --^UN{xt)~d{xt,zf . 



Combining this with the {K, A^)-convexity condition in the form (2.4) we obtain with d = d{xt, z): 



Un{z) < CK/N[d)UN{xt) - '-^^§^UN{xt)~d{xt,zf . {2.i 



Using the identity 

2 

J^SK/N 



it is immediate to see that the last inequality is equivalent to (2.7). 

For the if part, fix t > and a constant speed geodesic 7 : [0, 1] — t- M with 70 = xt- Using 
the Evolution Variational inequality in the form (2.8) with z = 7e for some e > we obtain 

UNile) - ck/n{£\v\)Un{io) < ^7Vg|^| UN{jo){xt,ev) . 

Dividing by e and letting e \0, taking into account that CK/N{^d) = 1 + o{e) and s^/n i^d) = 
ed + o(e^), we obtain 

{-VU{xt),v) < {±uv) . 

Since the direction of v E T^^M was arbitrary we obtain (2.6). □ 

We conclude this section by exhibiting some 1-dimensional models of {K, N)-coirvex functions. 

Example 2.5. Each of the following are (iC, A^)-convex functions. Note that the domain of 
definition is maximal in each case. 
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(i) For iV > and K > let U : (0, y^N/Kir) R defined by 

U{x) = -iVlog(sin (^xy/K/N^ . 

(ii) For > and K < let [/ : (0, oo) M defined by 

U{x) = -iVlogsinh (^xV-i^/iv) • 

(iii) For > and K < let U : (-oo, oo) ^ M defined by 



U{x) = -iV log cosh {xy/-K/N 



2.2. Evolution Variational Inequalities in metric spaces. In this section we study the 
Evolution Variational Inequality with parameters K and N and the associated notion of gradient 
flow in a purely metric setting. In particular, we investigate the relation with geodesic convexity. 
Our approach extends the results obtained in [11, 5] where the case N = oo has been considered. 

Let {X,d) be a complete and separable geodesic metric space and let U : X ^ (—00,00] be 
a lower semi-continuous functional. We denote by D{U) := {x £ X : U{x) < 00} the proper 
domain of U. We define the descending slope oi U at x £ D{U) as 

V U\[x) := iimsup r -. 

y^x d{x,y) 

For X i D{U) we set \V-U\ = +00. 

A curve 'j : I ^ X defined on an interval / C M is called absolutely continuous if 



d{-/s,7t) < / 9{r)dr Vs,tG/,s<t, (2.9) 

J s 

for some g G L^il)- For an absolutely continuous curve 7 the metric speed, defined by 

h^o \n\ 

exists for a.e. t £ I and is the minimal g in (2.9) (see e.g. [3, Theorem 1.1.2]). The following is 
a classical notion of gradient fiow in a metric space, see e.g. [3]. 

Definition 2.6 (Gradient flow). We say that a locally absolutely continuous curve x : [0, 00) — >■ 
X with xq e D{U) is a (downward) gradient flow of U starting in xq if the Energy Dissipation 
Equality holds: 

1 /■* 

U{xt) = U{xs) + - lirP + |V"f/|(x,.) dr \fO < s < t . (2.10) 

^ J s 

We introduce here a more restrictive notion of gradient flow based on the Evolution Variational 
Inequality. Given a number N G (0,oo) we deflne the functional Um '■ X ^ [0,oo) by setting 

Un{x) := exp (-^f^(^)) • (2.11) 

Definition 2.7 (EVl k,n gradient flow). Let K,N £R with N > and let x : {0, 00) ^ D(U) 
be a locally absolutely continuous curve. We say that (xt) is an EVlA',Af gradient flow of U 
starting in xq iflimt^oxt = xq and if for all z G -D(?7) the Evolution Variational Inequality 



_d 
dt 



SKIN {\^d{xu z)^ ^K. s^i^ Qd(x„ z))' < ^ (1 - (2.12) 



holds for a.e. t > 0. 
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Lemma 2.8. If {xt)t is an EVIi^^Ar flow for U , then it is also an FiVIx'^n' flow for U for any 
K' < K and N' > N . Moreover, {xt) is an EVIx flow for U , i.e. for all z € D{U) and a.e. 
t > 0: 



^±dixt,zf + ^dixt,zf < U{z)-U{xt). 



Proof. Using the identity 

2 

and one checks that (2.12) is equivalent to either of the following inequalities: 



Id,, n2 

-—d[xt,z) < — 

2 dt sk/n [d) 

Id n d 

-—d{xt,z) < — - 

2 dt sk/^ (d) 



ck/n {d) 



Un{z) 

UN{xt) 



N 



1 



Un{z) 
Uwixt) 



2Kd 



sk/n i^d)' 
Sk/n (d) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



where we set d = d{xt, z). Consistency in K can be seen from (2.15) by noting that for any > 
we have that s^/n {G) is increasing in K and cx/n{(^) /sr/n (^) is decreasing in K. Consistency 
in follows from (2.16) and the fact that for any f G ]R and 9 > both 



N 



1 — exp 



1 



1 



and 



K- 



Sk/n (0) Sk/n {0) 

are increasing in N . 

(2.13) follows immediately from (2.16) by passing to the limit as N ^ oo. For this we note 
that 

Un{z) 



lim SK/N{d) 



d 



lim N 

N^oo 



1 



UN{xt) 



U{z) - U{xt) . 



□ 



Remark 2.9. This shows consistency with the theory of EVI/^ gradient flows of geodesically 
if-convex functions. It can be thought of as the limiting case N = oo. By taking the limit 
— 7- oo in the estimates obtained in this section we recover the corresponding results for EVIi<- 
flows established in [11, 5]. 

We summarize here some properties of EVIx^at gradient flows. To this end we set for k G R 
and t>0: 

e.(t) = 

Proposition 2.10. Let (xt) be an FMIk^n gradient flow ofU starting in xq. Then the following 
statements hold: 

(i) If Xq G D{U) then {xtj is also a metric gradient flow in the sense of Definition 2.6. In 
particular, the map 1 1— >■ U{xt) is non-increasing. 

(ii) We have the uniform regularization bound 

2 



UNiz) 



< 1 + 



^^A7^ [ldixo,z: 



UN{xt) - ' ' NCK 
(iii) IfUis bounded below we have the uniform continuity estimate 

N L UN{xto) 



Sk/n :^d{xt^,xto) 



< 



2e_i<-(ti - to) 



1 



rrmax 
'^N 



(2.17) 



(2.18) 



Proof. By Lemma 2.8 (xt) is an EVIi^ flow of U and hence a metric gradient flow by [1, Propo- 
sition 3.9]. (2.17) follows immediately from (2.19) in Proposition 2.11 below by taking to = 0. 
The uniform continuity estimate (2.18) is obtained similarly by taking z = xtg. □ 
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The following result collects several equivalent reformulations of the definition of FiYIk,n 
gradient flows which will be useful in the sequel. For this we say that a subset D C D[U) is 
dense in energy^ if for any z € D{U) there exists a sequence (z^) C D such that d{zn,z) — 
and U{zn) U{z) as n ^ oo. Moreover, for a function / : / — t- M on some interval / we use the 
notation 

d+ y f{t + h)-f{t) 

-7-f[t) = hmsup 

dt h\0 IT- 

to denote the right derivative. 

Proposition 2.11. Let D C D(U) be dense in energy and let x : (0,oo) — )■ D{U) be a locally 
absolutely continuous curve with limt_j.oX( = xq. Then (xt) is an EVIx,Af gradient flow of U if 
and only if one of the following statements holds: 

(i) The differential inequality (2.12) holds for all z £ D and a.e. t > 0. 

(ii) For all z £ D and all < tQ < ti: 

-sk/n (^^d{xto,z)^ . 

(iii) For all z £ D and all t > 0: 

^s,f. [ldix„ .)) % K . (id(.„ ^)) ' < f (l - ^) (2.20) 

Proof. We prove the equivalence of Definition 2.7 and (ii). Assume that (xt) is an FA11k,n flow 
and note that the right hand side of (2.12) can be rewritten as 



dt 



e^*SK/N ( 7;d(,xt,z 



1 



2 



Integrating from to to ti and using that the map 1 1— )• Ui\i{xt) is non-decreasing by (i) of Propo- 
sition 2.10 then yields (2.19) for ah z £ D{U). Conversely, differentiating (2.19) yields (2.12). 
The fact that (2.19) holds for all z G D(U) if and only if it holds for all z € D is obvious. 

Similar arguments show the equivalence of Definition 2.7 with (i) and (iii). □ 

An important property of EVli^^Tv fiows is the following contraction estimate. 

Theorem 2.12. Let (xt), (yt) be two FiVIk^n gradient flows of U starting from xq resp. y^. 
Then for all s,t > 0: 

sk/n (^\d{xt,ys)^ < e-^(^+*)s^/^Qd(xo,?/o)) (2.21) 

^ K\ J 2{s + t) - 

Proof. Let us fix s,t > 0. Choose A,r > such that Xr = t and X~^r = s, i.e. A = and 

r = \/ts. From (2.19) applied to {xt) with z = yx-^r ^^'^ = Ar, ti = A(r -|- e) for some e > 
we obtain 

-^Tr~( ^ - ^ T^^K/N i^d{xx{r+s),yx-^r) (2-22) 

1 

eK{\e) 



H \t--:Skin (\d{xxr,yx-^r) 
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Similarly, choosing z = xxi^r+e) tQ = X ^r,ti = A ^{r + e) and applying (2.19) to (y^) we 
obtain 



2 UN{yx-^r+e)) 



2 e^K 

+ — 

eK 



(2.23) 



Multiplying (2.22) and (2.23) after taking square roots and using Young's inequality, 2va6 < 
Xa + X^^b, we deduce the estimate 



(2.24) 



+ SK/N l^d{yx~lr,Xx(r+e)) 



+ Sk/N {]^d{xxr,y\-^r) 



X- 



X 



_ei^(A-ie) e_i^(Ae) 
A A-i 



CKiXe) e_A'(A~ie) 



A-^e 



1 



e_/f (A le) e 
Note that as e — )■ we have 

X-^e ^ 



Sk/N I ■^d{yx-i{r+e)^Xx[r+e)) " Sa-Z^V ^^'^(a^Ar, ^A-ir) 



1 and 



A- 



A 



eit(A-ie) e_/<(Ae) 
_l_ — )• M given by 



4(A + A-') 



Hence, if we consider the function g : - 

ff(T) = j;^sk/n (^^d{xxr,yx-iT)^ 
and take the limit as e \j in (2.24) we obtain 

9ir) < -KiX + X~')gir) + iX + X-'-2) . 



d+ 
dr 



By an application of Gronwall's lemma we deduce that 



g{r) < e-^(^+^ '^''[^(0) + 



(A + A-i) 

Rewriting r, A in terms of s,t finally yields (2.21). 



j^eK{iX + X~y) 



□ 



Remark 2.13. In the limit (i(xo,?/o) 
asymptotically as follows: 



and s 



t the contraction estimate (2.21) reads 



d{xt,ys 



< e 



~2Kt 



d{xo,yof + 



N 1 



-2Kt 



K 4*2 

+ o{d{xQ,yQf + \t- s\^) . 



(2.25) 



Corollary 2.14. For each xq G D{U) there exist at most one 'EV1k,n gradient flow of U 
starting from xq. The maps Pt : xq xt, where {xt) is the unique gradient flow starting from 
xq constitute a continuous semigroup defined on a closed (possibly empty) subset of D{U). 

2.3. EVIft-^Tv implies [K, A^)-convexity. We now investigate the relation between the Evolu- 
tion Variational Inequality and geodesic convexity of the functional U . 

Definition 2.15. Let K,N ^M. with N > 0. We say that the functional U is {K, N)-convex 
if and only if for each pair xo,xi G D{U) there exists a constant speed geodesic 7 : [0, 1] — )■ X 
connecting xq to xi such that for all t € [0, 1].' 

UNilt) > t^kTn id) ■ Un{io) + 4/iv(^) • ^^(71) , (2.26) 
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where d = (i(7o,7i). 

// (2.26) holds for every geodesic 7 : [0, 1] — t- D{U) we say that U is strongly {K, N)-convex. 



Theorem 2.16. Assume that for every starting point xq G D{U) the EVIx,Af flow for U exists. 
Then U is strongly (K, N)-convex. 

Proof Let P denote the EVIk^n gradient flow semigroup of U. We treat the case K first. 
So let (7s)s6[o,i] be a constant speed geodesic. Let us fix s G [0, > and set 7* := Ptjs- We 
can assume that d := ^(70, 71) / 0. Using the identity (2.14) we see that (2.19) can be rewritten 
as 



Y^^^fKih-to) < ^[e^^'(*-*«)c^/^(d(P.,x,.)) 

- CK/N{d{PtoX,z)) 



(2.27) 



Using (2.27) with to = 0,ti = t,x = 7^ and z = 70 respectively 2; = 71 we immediately obtain 
4jN{d)-UNilo) + 4]N{d)-UN{li) 
< 



K ■ exit) 



+^i^/Ar('^) ■ (e^*c^/Af((i(7*,7i)) -c;^/^(d(7^,7i 



Let A denote the term in square brackets in the last inequality. The claim follows if we show 
that for t small enough we have A< K- exit) = e^* - 1 if > and A > e^* - 1 if < 0. 
Using the fact that d(7s,7s') = \s — s'\d, we first find 



A 



Sr/n {d) 
1 



sk/n (d) 
A1+A2. 



Sr/n ((1 - s)d) ■ c^/Ar(d(7*,7o)) + s^/at (sd) ■ CK/N{d{ll,li)) 



sr/n ((1 - s)d) ■ CK/N{sd) + sk/n {sd) ■ cx/7v((l - s)d) 



By the angle sum identity for sin (resp. sinh) we have A2 = —1. To see that Ai < e^'' (resp. 
Ai > e^*), we observe the following fact, which is easily verified using the angle sum identities 
for trigonometric or hyperbolic functions: If a, a' > and e,e' E [~§ ) f ] such that e + e' > 0, 
then, putting f5 = a + e, 13' = a' + e' , we have that 



sin(a) cos(/5') + cos(/3) sin(a') < sin(a + q') , 
sinh(Q) cosh(/3') + cosh(/3) sinh(a') > sinh(a + a) . 

d{llli] 



(1 - s)d, e' 



To conclude, we apply this with a = (1 — s)d, a' = sd and e 
(i(7*, 7o) — sd and note that e + e' > by the triangle inequality. 

Finally, we treat the case K = 0. By Lemma 2.8 P is a EVI^'^jv flow for every K' < 0. Thus 
by the previous argument (2.26) holds with K' instead of K and we can pass to the limit as 
K' /"O. □ 

We conclude this section with some remarks about {K, A^)-convexity. The first property is 
immediate from the definition. 

Lemma 2.17. If U : X — )• (—00,00] is {K, N)-convex, then for A > the functional X ■ U is 
{XK, XN)-convex. 

Lemma 2.18. Let [/* : X — t- (—00,00] he strongly {Ki, Ni) -convex functionals for i = 1,2 
and real numbers Ki,Ni £ R with Ni > 0. Then the functional U := + U"^ is strongly 
{Ki + K2,Ni + N2) -convex. 
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Proof. Let us set K = Ki + K2 and = A^i + A''2 and fix a constant speed geodesic 7 : [0, 1] 
D{U) = D{U^) n D{U'^). By the convexity assumption on and U"^ we have 

log^.(7.)^^^^^(7.) + ^^^^(7.) 

where the function G is given by (2.28) with 6 = (i(7o,7i). By Lemma 2.19 below, G is convex. 
Hence we obtain 

\ogUM{lt) > G'(^f/(7o),^C/(7i),§ 
Taking the exponential on both sides yields the claim. □ 

Lemma 2.19. For any fixed 6 > and t G [0, 1] the function G : M x M x (— oo, vr^) — )• M given 
by 

Gix,y,K) = \og[ai'-'\e)e- + a^\9)ey] (2.28) 

is convex. 

Proof. We define the function g^^^ : k i— )■ logfTK^(0) on (— oo,7r^) and write 

G{x,y,z) = F(^x + g^'~'\K),y + g^'\K)) , 

where F{u,v) = log (e'* + e*'). The claim then follows by noting that the function F is convex 
and increasing on R x M and that the functions g^^^ are convex. □ 

Finally we remark that the notion of {K, A^)-convexity is consistent in the parameters K and 

N. 

Lemma 2.20. // U is {K, N)-convex for some numbers K,N £ M with N > then it is also 
(K' , N')- convex for all K' < K and N' > A''. Moreover, it is K-convex in the sense that for 
each pair xq,xi G D{U) there exist a constant speed geodesic 7 : [0, 1] — )• X connecting xq to x\ 
such that for all t G [0, 1] 

f/(7t) < (l-t)C/(7o) + tC/(7i)- Yi(l-t)d(7o,7i)' • (2-29) 

Proof. Consistency in K is immediate from the fact that for any fixed t and 6 the coefficient 
cj^^y^(^) is increasing in K. Consistency in is a consequence e.g. of Lemma 2.18 and the 

trivial observation that for any N' > N the constant functional = is (0, N' — A^)-convex. 

Using the consistency in N we can derive (2.29) by subtracting 1 on both sides of (2.26), 
multiplying with N and passing to the limit N 00. Here we use the fact that o"^/jv(^) ~ 
t + o{l/N) and Un{x) = 1 - U{x)/N + o(l/iV). □ 

3. EnTROPIC and RiEMANNIAN CURVATURE-DIMENSION CONDITIONS 

3.1. The entropic curvature-dimension condition. In this section we introduce a new 
curvature-dimension condition for metric measure spaces based on {K, A^)-convexity of the en- 
tropy on the Wasserstein space. 

Let {X, d, m) be a metric measure space, i.e. {X, d) is a complete and separable metric space 
and m is a locally finite Borel measure on X. We denote by ^2{^, d) the L^-Wasserstein space 
over {X,d), i.e. the set of all Borel probability measures /i satisfying 

d{xo,x)'^ fj,{ dx) < 00 
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for some, hence any, xq € X. The subspace of all measures absolutely continuous w.r.t. m is 
denoted by ^2{X, d,m). The L^-Wasserstein distance between no,pi G ^2{X,d) is defined by 

W^2(/^o,/Wi)^ = inf / d{x,y)'^ dq{x,y) , 



where the infimum is taken over all Borel probability measures q on X x X with marginals /iq 
and Hi. 

Given a measure fj, G ^2 {X, d) we define its relative entropy by 



Ent(/x) := j /ologpdm. 



if /U = pm is absolutely continuous w.r.t. m and (/3logp)+ is integrable. Otherwise we set 
U{p\m) = +00. The subset of probability measures with finite entropy will be denoted by 
=f^2 (^) '^1 • Moreover, for a number G M with > we introduce the functional Um : 
!^2{X,d) ^ [0,00] by 

Un{p) ■■= exp ^-^Ent(/_f) 

Definition 3.1. Given two numbers K,N £ M with N > we say that a metric measure 
space {X,d,m) satisfies the entropic curvature-dimension condition CD'^ {K,N) if and only if 
for each pair po, pi G d, m) there exists a constant speed geodesic V : [0, 1] — t- ,^^2 "^j 

connecting po to pi such that for all t G [0, 1]; 

UN{m) > a^^J^\W2ipo,Pi))UN{po) + cT^i)N{W2ipo,f^i))UN{pi) . (3.1) 

// (3.1) holds for any constant speed geodesic F : [0, 1] — >• ^^2i-^jd,m) we say that {X,d,m) is 
a strong CD^{K, N) space. 

Remark 3.2. In other words, the CT)'^{K, A^)-condition means that the entropy is {K, N)-convex 
along Wasserstein geodesic. In Section 2.2 the notion of {K, A^)-convexity was defined for lower 
semi-continuous functions with values in (—00,00]. Note that the volume growth estimate in 
CD^{K, N) spaces given by Proposition 3.7 below implies that for a suitable constant c > and 
any xq £ X 



I 



exp{—cd{xQ,x)'^m{dx) < 00 



It is well known that the latter implies that Ent does not take the value —00 on ^2{X,d) and 
is lower semi-continuous w.r.t. W2. Thus Definition 3.1 fits well into the setting of Section 2.2. 

As an immediate consequence of Lemma 2.20 we obtain the following consistency result. 

Lemma 3.3. Assume that (X,d,M) satisfies the CD^{K,N) condition for numbers J^, A^ G M 
with N > 0. Then it also satisfies CB''{K',N') for any K' < K and N' > N. Moreover, it 
satisfies the CT>{K,oo) condition. 

Using similar arguments as in the case of the CD(i^, 00) condition introduced in [24] it is 
immediate to check that CD^{K, N) is invariant under isomorphisms of metric measure spaces. 
Moreover, adapting [24, Thm. 4.20], one can check that it is stable under convergence of metric 
measure spaces in the transportation distance B, also introduced in [24]. 

As an application of the additivity of {K, A^)-convexity we note the following 

Proposition 3.4 (Weighted spaces). Let {X,d,m) be a geodesic metric measure space satisfying 
CD'^{K, N) and let V : X ^ M. be a measurable function bounded from below that is {K',N')- 
convex in the sense of Definition 2.15. Then {X, d, e~^m) satisfies CD'^{K + K', N + A^'). 

Proof. Using [24, Lemma 2.11], it is immediate to check that the functional V : ^2iX,d) — ?• 
(—00, 00] defined by V{p) = f V dp is (K' , A^')-convex on ^2{X, d). By the lower boundedness 
of V we have £p2{X,d,e~^ m) C J!P2{X,d,m). Now the assertion is a consequence of the 
observation that 

Ent(/i|e"^m) = Ent{p\m) + V{p) . 
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and Lemma 2.18. □ 

We will now derive some first geometric consequences of tfie entropic curvature-dimension 
condition. 

Proposition 3.5 (Generalized Brunn-Minkowski inequality). Assume that {X,d,m) satisfies 
the condition CD'^{K,N) for real numbers K,N with N > 1. Then for all measurable sets 
Aq,Ai C X with m{AQ),m{Ai) > and all t S [0, 1] we have 

m{A,)'^'' > a%il{Q) • m{A,f'^ + a%^{Q) • m{A,f/^ , (3.2) 

where At denotes the set t-midpoints and Q the minimal/maximal distance between points in A^ 
and Ai, i.e. 

At = {7i : 7 : [0, 1] ^ X geodesic s.t. 70 G ^o,7i ^ ^1} , 



e 



Proof We first prove the assertion under the assumption that m{AQ) , m{Ai) < 00, the general 
case then follows by approximating the sets Aq,Ai by sets of finite volume. Applying the 
condition CD'^{K, N) to fii = m{Ai)~^lAim for i = 0,1 yields 

UNiTt) > a5J7^^(W2(/io,/^i))-m(^o)'/'^ + 4/iv(^2(/io,w))-m(Ai)i/^, (3.3) 

where Tt = ptm is the t-midpoint of a geodesic T connecting /xq and /ii. Since T{t) is concentrated 
on At, a double application of Jensen's inequality gives that 



1 



/ 



UNiFt) = e^p{-i- I ptdTt) < I Pt dr 



N 

p]-'/^ dm < miAt)'/"" 



t 



Hence (3.2) follows by noting that 9 1— ?• i^^/jvl^) increasing if > and decreasing if i^T < 
and that W2{po,pi) > © (resp. < 9). □ 

The Brunn-Minkowski inequality entails further geometric consequences like a Bishop-Gromov 
type volume growth estimate and a generalized Bonnet-Myers theorem. The following results 
can be deduced from Proposition 3.5 using similar arguments as in [24] and replacing the coef- 



ficients T 



Remark 3.6. The estimates presented below are not sharp, yet they provide necessary local 
compactness results for example. We will see below that under the assumption that {X, d, m) is 
non- branching the CD'^(i^, A^) condition is equivalent to the CD*(i^', A^) condition. It has been 
proven by Cavaletti and Sturm [10] that under the same assumption CD*{K,N) implies the 
measure contraction property MCP(i^, A^) from which a sharp Bishop-Gromov and Lichnerowitz 
inequality can be derived, see [24]. 

To state the volume growth estimate we introduce the following notation. Given a metric 
measure space {X, d, m) and a point xq E supp[m] we denote by 



v{r) := m{Br{xo)) 
the volume of the closed ball of radius r around xq. Moreover, we set 

1 



s{r) := limsup -m(Sr+5(xo) \ -Br(xo)) 
5-5.0 



for the volume of the corresponding sphere. 
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Proposition 3.7 (Generalized Bishop-Gromov inequality). Assume that {X,d,m) satisfies the 
condition CT)^{K,N) with K,N £M and N > 1. Then each bounded closed set M C supp[m] 
is compact and has finite volume. More precisely, if K > 0, for each xq G supp[m] and < r < 
R < tt^/kJN, 

sjr^ > ( sin {ry^K/N) Y ^ sin (tv/^)%t ^ 



s{R) \sin {Ry^K/N) J v{R) f^^ sin {ty^K/N)^ dt ' 

In the case K < analogous estimates hold with an appropriate interpretation of the right-hand 
side. 

Corollary 3.8 (Generalized Bonnet-Myers theorem). If{X, d, m) satisfies the condition GD^{K, N) 
with K > and N > 1, then the support of m is compact and its diameter L can be bounded as 
L < -Ky/K/N. 

It turns out that under mild assumptions the modified curvature-dimension condition CD^ {K, N) 
is equivalent to the reduced curvature-dimension condition CD* {K, N) introduced in [8] . We 
recall here the definition. Denote by ^^oiX, d,m) the set of measures in 3^2{X,d,m) with 
bounded support. 

Definition 3.9. We say that a metric measure space (X, d, m) satisfies the reduced curvature- 
dimension condition CD* {K, N) if and only if for each pair fiQ = pom, fii = pim £ S^^o (^j c?) "^) 
there exist an optimal coupling q of them and a geodesic T : [0,1] — )• ^ooiX,d,m) connecting 
them such that for all t € [0, 1] and N' > N : 



Pt^ dm > j [a^/^!(d(xo,xi))po(xo)-^ (3.5) 

XxX 

+ o-j^/Ar/(d(2;o,2;i))pi(xi)"i^ dq{xQ,xi) . 

If (3.5) holds for any geodesic T : [0,1] — >• ^oo{X,d,m) we say that {X,d,m) is a strong 
CB* {K,N) space. 

We first note the following adaption of a result from [24]. 

Lemma 3.10. Assume that {X, d, m) is non-branching and satisfies CD'^(iC, N) for some K, N G 
M with N > 0. Then for every x G supp[m] and m-a.e. y £ X there exists a unique geodesic 
connecting x to y. 

Moreover, there exists a measurable map 7 : X'^ — )■ Geo(X) such that for m (8) m-a.e. (x, y) G 
X'^ the curve 1 1— )■ 7t(x,y) is the unique geodesic connecting x and y. 

Proof. The proof follows from the very same arguments as [24, Lemma 114. 1] where CT){K,N) 
is assumed in stead of CD'^(i^, N). We just have to note that the curvature-dimension condition 
only enters through a Brunn-Minkowski inequality which holds in our setting according to 
Proposition 3.5. □ 

Theorem 3.11. Let {X,d,m) be a non-branching metric measure space. Then the following 
assertions are equivalent: 

(i) {X,d,m) satisfies CD* {K,N), 

(ii) For each pair po,pi G r0^oo{X,d,m) and each optimal coupling q of them we have 

Pt{7t{xo,xi)y^ > (T''^J^\d{xo,xi))po{xo)~Tf (3.6) 

+^i^/v(^(^o,a;i))/)i(xi)"^ , 

for q-a.e. (xo,xi) € X x X, where pt denotes the density of the push forward of q under 
the map (xo,xi) 1— )• ^t{xo,xi), 

(iii) (X,d,m) satisfies CB%K,N). 
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Proof. The equivalence of (i) and (ii) has already been proven in [8, Proposition 2.8]. 

(ii) =^>(iii): First note that by an approximation argument as in [8, Lemma 2.11] on can show 
that (3.6) also holds for /iOiMi € ^2iX, d,^) not necessarily with bounded support. Now fix 
/iOi/Ui € ^2{X,d,m) and an optimal coupling q of them. Taking logarithms on both sides of 
(3.6) we obtain 

-j^'^ogpt{-ft{xo,xi)) > g(^- ^logpoixo),-^logpi{xi),d{xo,xi)'^^ , (3.7) 
where the function G is given by 

G{x,y,z) := log [a'^^J^^^^z] + a^^)^{V^)ey] . (3.8) 

From Lemma 2.19 and the fact that (^k/n ~ '^^zK/lf^'^^ deduce that G is convex. 

Integrating (3.7) w.r.t. q and using Jensen's inequality we obtain 

-^Ent(r(t)) > G(-^Ent(/io),-^Ent(^i),H^2(^o,m) 

where T{t) denotes the measure ptm. Hence (3.1) follows by taking the exponential on both 
sides. 

(iii) =^(ii): Here we follow closely the arguments in the proof of [24, Prop. 4.1]. Fix po,pi G 
^cxj{X, d,m) and an optimal coupling q of them. Let {M„}„gN be a fl-stable generator of the 
Borel cr-field of X with m{dMn) = for all n. For each n consider the disjoint covering of X 
given by the 2"- sets Li = Mi n • • • n M„, L2 = Mi n • • • n M^, . . . , = Mf n • • • n M^. For 
fixed n and i, j = 1, . . . , 2" we define sets Aij = Li x Lj and probability measures p!'^ ^p'^ by 

p'^iB) = arjq{{B n Li) x Lj) , p^{^ {B) = arjq{Li x {B n L,)) , 

provided that onj = q{Aij) > 0. By (iii) we can choose optimal couplings g*'-' of them such that 

Un{p^') > a^^^J {W2{p^^,p^^)) ■ U^ip^n (3.9) 
+a'^^]j,{W2{p};\p^^)).U^{p^^), 

where /i^'"' = [-^t)#Q^''^ and 7 : X"^ — )• Geo(X) is the map from Lemma 3.10. Define a coupling of 
the measures po,Pi by 

2" 

Since the measures q^'^ are mutually singular and X is non-branching, also the measures p]''' are 

mutually singular. Setting ^u^"^ = {'yt)#Q^"'\ we conclude that p[^^ o Jt = a^'-' Pt'' ° 7t on the set 
Aij. Plugging this into (3.9) and taking logarithms on both sides we find 

"ii f logpf)(7,)dg(") (3.10) 



N 
A 



.-1 ^ „"1 



- ^{~~N' I log/^odg("),-^ I logp,dq(^\arj J dq^ 



where G is defined in (3.8). Since po,pi have bounded support, all the measures g^"-* are 
supported in S x S for a suitable closed bounded set B C X. By Proposition 3.7 B is compact 
and has finite mass. Hence the couplings q^^^ converge weakly, up to extraction of a subsequence, 
to an optimal coupling gof pQ and pi. Since m{dMi) = for all i we deduce that 

q{Mi X Mj) = lim g"(Mi x Mj) = q{Mi x Mj) 
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for all i,j G N and hence q = q- By weak lower semi-continuity of the entropy we can pass to 
the limit as n — )• oo in the left hand side of (3.10). Invoking furthermore the convexity of G 
given by Lemma 2.19 and Jensen's inequality we see that 

^og pt{jt)dq (3.11) 



a 



N 
> G 



A 



a 



N 



J logpodg, J logpidq,a ^ j (f dq 
A A A 



for any set A which is a union of a finite number of the sets Aij and a = q{A). This implies 
the q-a.s. inequality (3.6). □ 

Corollary 3.12. For a metric measure space {X,d,m) the following assertions are equivalent: 

(i) {X, d, m) is a strong CD* {K, N) space, 

(ii) For each pair fiQ, Hi £ ^oo{X, d,m) (3.6) holds, 

(iii) (X,d,m) is a strong CD'^{K,N) space. 

Proof. Note that both (i) and (iii) imply that {X, d, m) satisfies the strong CT){K, oo) condition. 
Rajala and Sturm in [23] proved that in a strong CD{K, oo) space any dynamic optimal coupling 
of two absolutely continuous measures /ioi/^i £ ^2{X,d,m) is supported on a set of non- 
branching geodesies. Thus the assertion follows from the same arguments as in the proof of 
Theorem 3.11. □ 

3.2. Calculus and heat flow on metric measure spaces. Here we recapitulate briefly some 
of the results obtained by Ambrosio, Gigli and Savare in a series of recent works, see [4, 5, 6]. 
In particular, we introduce notation and concepts that we use in the sequel about the powerful 
machinery of calculus on metric measure spaces developed by these authors. We refer to [4, 5] 
for more details on the definitions and results. 

Let {X, d,m) G X he a metric measure space. The basic object of study, introduced in [4] is 
the Cheeger energy. For a measurable function / : X — t- M it can be defined by 



ch(/) = \Vf\l 



dm 



where | V/|t„ : X — t- [0, oo] denotes the so called minimal weak upper gradient of /. An important 
approximation result [4, Thm. 6.2] states that for / € L^(X, m) the Cheeger energy can also be 
obtained by a relaxation procedure: 



Ch(/) = inf (hminf ^ [ \Vfn\^ dm] 

I n— >oo Z J J 



where the infimum is taken over all sequences of Lipschitz functions (/„) converging to / in 
L?'{X, m) and where |V/n| denotes the local Lipschitz constant. In particular, Lipschitz functions 
are dense in in the domain of Ch in L'^{X,m) denoted by D(Ch) = W^''^{X,d,m). 

It turns out that Ch is a convex and lower semi-continuous functional on L'^{X, m). It allows to 
define the Laplacian — A/ G Lp'iX, m) of a function / G W^''^{X, d, m) as the element of minimal 
L^-norm in the sub differential d~ Ch(/) provided the latter is non-empty. In this generality, Ch 
is not necessarily a quadratic form and consequently A need not be a linear operator. 

The classical theory of gradient flows of convex functionals in Hilbert-spaces allows to study 
the gradient flow of Ch in (X, m) : For any f £ (X, m) there exists a unique continuous 
curve (/j)te[o,oo) fi^ -^^(^i"^)) locally absolutely continuous in (0,oo) with fo = f such that 
^/t G d~ Ch(/t) for a.e. t > 0. In fact, we have ft G D{A) and 

p. = A/, 

for all t > 0. This gives rise to a semigroup {}it)t>o on L^(X, m) defined by / = ft, where ft 
is the unique L^-gradient fiow of Ch. 
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On the other hand, one can study the metric gradient flow of the relative entropy Ent in 
^2i^,d). Under the assumption that {X,d,m) satisfles CD(i^, oo) it has been proven in [12] 
and more generahy in [4, Thm. 9.3(ii)] that for any fi G L'(Ent) there exist a unique gradient 
flow of Ent starting from fi in the sense of Definition 2.6. This gives rise to a semigroup {^t)t>o 
on c5^2(^) d) defined by = where /it is the unique gradient fiow of Ent starting from /i. 

One of the main result of [4] is the identification of the two gradient flows, which allows to 
consistently define the heat fiow on CD(i^, cx)) spaces. 

Theorem 3.13 ([4, Thm. 9.3]). Let {X,d,m) be a CD(Er,oo) space and let f G L'^{X,d,m) 
such that fi = fm G ^2iX, d). Then we have 

Mfi = (Ht f)m Vt > . 

A byproduct of this result is a representation of the slope of the entropy. 

|V-Ent|(pm) = 4 y |V^|^ dm (3.12) 

for all probability densities p with y/p £ D(Ch). 

A basic property of the heat flow is the maximum principle, see [4, Thm. 4.16]: If / G 
L?'{X,m) satisfies f <C m-a.e. then also Hf / < C m-a.e. for all t > 0. 

If Ch is assumed to be a quadratic form, and without any curvature assumption, the notion 
of weak upper gradient gives rise to a powerful calculus, in which not only the norm of the 
gradient, but also scalar products between gradients are defined, we refer to [5, Sec. 4.3] for 
details. We note briefly that given /, 5 G L'(Ch), the limit 

(V/,V5) := liml(|V/ + 65l^-|V/|2) (3.13) 

can be shown to exists in L^{X, m). Moreover, the map L'(Ch)^ B (/, g) 1— )■ (V/, Vg) G L^{X, m) 
is bilinear, symmetric and satisfles 

KV/,V<7)| < IV/UIV5U. 
For all f,g,h G D{Ch) H L°°{X,m) we have the Leibnitz rule: 

j (V/, V{gh)) dm = I h{Vf, Vg) dm + J g{Vf, Vh) dm . (3.14) 

A quadratic Cheeger energy gives rise to a strongly local Dirichlet form {£,D{£)) on L?'{X, m) 
by setting £{f,f) = Ch(/) and D{£) = W^''^{X,d,m). In this case Ht is a semigroup of self- 
adjoined linear operators on L^{X,m) with the Laplacian A as its generator. The previous 
result implies that for f,g £ W^''^{X, d,m) 



£{f,g) = y"(V/,V5)dm, 



i.e. the energy measure of £ has a density given by (3.13). Moreover, for / G W^'"^ and g G D{A) 
we have the integration by parts formula 

J {Vf,Vg) dm = - J fAg dm . (3.15) 

3.3. The Riemannian curvature-dimension condition. In this section we introduce the 
notion of Riemannian curvature-dimension bounds. This notion can be seen as a generalization 
of the Riemannian Ricci curvature bounds for metric measure spaces introduced in [5]. We 
will rely on the powerful machinery of calculus on metric measure spaces already developed by 
Ambrosio, Gigli and Savare in a series of recent works. 

To focus on the new ideas and keep technical difficulties to a minimum we will assume that the 
metric measure spaces under consideration have unit mass and finite variance. More precisely, 
we set here 

X = {{X,d,m) mms : m G ^2iX,d)} . 
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Definition 3.14. We say that a metric measure space {X,d,m) G X satisfies the Riemann- 
ian curvature-dimension condition RCD(i^, A^) if it satisfies any of the equivalent properties of 
Theorem 3.15 below. 

Theorem 3.15. Let {X,d,m) G X. The following properties are equivalent: 

(i) {X,d,m) is a strong CT)*(K, N) space and the semigroup on ^2iX,d) is additive. 

(ii) {X,d,m) is a strong CT>'^{K, N) space and the semigroup on ^2{X,d) is additive. 

(iii) {X,d,m) is a length space and any G ,^^2iX,d) is the starting point of an EVIi^^Ar 
gradient flow of U . 

Remark 3.16. Here we mean by additivity that J^(A^ + (1 - A)z^) = + (1 - A).?^z/ for 

any //, G ^2iX, d) and A G [0, 1]. Since both CD* (A', N) and CD^(A, N) imply the CD(A:, oo) 
condition, Theorem [5, Thm. 6.1] shows that additivity of the semigroup Mi can equivalently 
be replaced in (i) and (ii) by the requirement that the Cheeger energy Ch is quadratic. 

Proof. (i)<J4>(ii): This is a direct consequence of Corollary 3.12. 

(ii)=^(iii). By Theorem 2.12 it is sufficient to show that is an 'ENIk^n gradient flow 

of U for every /i G i3^2{X,d,m) with density uniformly bounded away from and oo. Choose 
/_f = pm G 3^2{X,d,nn) with 0<c<p<C<oo and set pt '■= MifJ-)- By Proposition 2.11 it 
is sufficient to take reference measures in (2.12) of the form a = rjm where r) is bounded and 
has bounded support. For any t > choose a geodesic F* : [0, 1] — )■ ^2iX, d,m) given by the 
CD^(i^, N) condition which connects nt and a. Taking into account (2.15) we have to show that 
for a.e. t > 0: 

Un{(t) , . SK/N{W2{pua)) dl 2 

^ < c,/,{W2{,,,a)) - d^2^^(^-'--^ • 

By Lemma 3.17 below we have for every t the inequality 

Un{ct) ^ , SK/N{W2{llt,a)) . ^ UNiTj) - UNif^t) 
TT I ^ < c/^/Ar(VF2(Mt,o- ) + — — — — — -hrninf . 

Thus the proof is finished if we show that for a.e. t > 0: 

~W2M^ < -Ar.^^i(^,).linrinf ^^(^-)-^^^^^^ (3.16) 
at 2 s\o s 

Under the present assumptions on /x and a and the CD(ii', oo) condition (which is weaker than 
the CD'^(i^, A^) condition enforced here by Proposition 3.3) this inequality has basically been 
proven in [5]. Indeed, [5, Theorem 4.1] yields that for a.e. t > and all £ > 0: 

~W2M' < , (3.17) 

where (ft is a Kantorovich potential for the optimal transport from pt to a. Moreover, [5, 
Theorem 4.8] yields that for every t > and e > 0: 

hminf E^t(Fi)-Ent(^,) ^ Chj^t) - Chj^t + e pt) 
s\o s ~ e ' 

By A-convexity of Ent along the geodesies F* we have 



Ent(F*) - Ent(/it) ^ , , ^ , . K , 

limsup — < Ent(o-) - Ent(^t) W2{pt,o- 

s\o s 2 



,2 



Thus (Ent(F*) — Ent(/it))^ = o(s) as s — t- and a Taylor expansion of a; i— t- e~^'l^ yields that the 
right-hand side of (3.16) coincides with the left-hand side of (3.18). To finish the proof we recall 
that [5, Theorem 5.1] shows that under the CD(Ar, oo) condition additivity of the semigroup Mi 
implies that Ch is a quadratic form. Hence the right-hand sides of (3.17) and (3.18) coincide up 
to 0{e) as e — ^ 0. 

(iii)=^(ii). Since by Lemma 2.8 an YN\k,n flow is in particular an EVI;^ flow, [5, Theorem 
5.1] already gives additivity of the semigroup M,. Let us now show that (X, d, m) is a strong 
CD'^(A, A^) space. The same argument as in the proof of [5, Lemma 5.2] yields for any pair 
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Ho, jj-i G Z)(Ent) C ^2iX, d,m) the existence of a geodesic T : [0,1] — D{Ent) connecting /xq 
to Hi. Hence D(Ent) is a geodesic space and Theorem 2.16 shows that (3.1) holds along any 
geodesic in D(Ent). □ 

Lemma 3.17. Let {X,d,m) satisfy the CT>'^{K, N) condition and let fio,fMi ^ ^2{X,d,m). 
Then there exists a geodesic T : [0,1] — )• ^2{X,d,m) connecting fiQ and fii such that, with 
e = W2(/^o,/ii), 

Un[hi) < ck/n[Q) -Un^Ho) ^ ^0 i\o 1 ' ^ ' 

Proof. Let T be the geodesic connecting ^-rid given by the CT>'^{K,N) condition. (3.1) 
immediately yields that for every t G [0, 1]: 



Dividing by t on both sides and passing to the limit t \, the assertion follows from the fact 
that 

^ - ^'^K/N{tO) (0) , . _ (1) , . _ 

□ 

Proposition 3.18 (Weighted spaces). Let {X,d,m) ^ X he a RCD(i^, A^) space and let V : 
X — > M &e continuous, hounded helow and [K\N')- convex function in the sense of Definition 
2.15 with J exp(-T/) dm = 1. Then {X, d, e'^m) is a RCD(K + K',N + N') space. 

Proof. By Proposition 3.4 {X, d,e~^m) is a strong CD^{K + K', N + A^') space. Invariance of 
the weak upper gradient under multiplicative changes of the reference measure by [4, Lem. 4.11] 
together with the Leibnitz rule (3.14) give that the Cheeger energy associated to e~^m is again 
quadratic. See also [5, Prop. 6.19]. Thus the assertion follows from Theorem 3.15 (ii). □ 

The Riemannian curvature-dimension condition has a number of natural properties that we 
collect here. The first one is the stability under convergence of metric measure spaces in the 
transportation distance B. We refer to [24, Sec. 3] for the definition and properties of the 
transportation distance. 

Theorem 3.19 (Stability). Let {Xn,dn,rnn) £ X be a sequence ofRCD{K,N) spaces. If 
I!)(^{Xn,dn,mn),{X,d,m)^ — )• for some metric measure space {X,d,m) G X then {X,d,m) is 
also a RCD(i^', A^) space. 

Proof. We follow essentially the arguments of Ambrosio, Gigli and Savare in [5, Thm. 6.10] 
where stability of the KCD(K,oo) condition has been established. 

We show stability of characterization (iii) in Theorem 3.15. By Proposition 2.11 and Corollary 
2.14 it is sufficient to show that for any ^ = pnT- G ,'^2iX, d,m) with p G L°°{X,m) there exist 
a continuous curve {fJ-t)t£[o,oo) i^i ^2{X,d), locally absolutely continuous in (0,oo) and starting 
in H such that for any v = am G ^2iX, d) with a G L°°{X, d, m) and any s < t: 



Q^2(^s,l^; 



2 



Choose optimal couplings {dn,qn) of {Xn, dn,mn) and {X,d,m). Given fi = pm G 3^2{X,d,m) 
we set 

QnP{dx) = j p{y)qn{dx, dy) G ^2(^n, ^n, "in) ■ 

Similarly we obtain an operator Q'^ : ^2iXn,dn,mn) — )■ ^2{X,d,m), see [24, Lem. 14.19] and 
also [5, Prop. 2.2,2.3]. 
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Now set fj,"^ = QnP- By assumption there exists a curve {fJ't')te[o,oo) in ^2iXn, dn) starting 
from fi^ such that for all s < t: 



where i/" = Q^i^ and corresponds to the relative entropy functional in {Xn,dn,mn). By the 
maximum principle we have fi^ < Cm„. For each t > set /x" := Q'^fJ^t ^ ^2iX, d). We claim 
that, after extraction of a subsequence, we have that /i" — t- fit in ^2{X, d) as n — t- oo for curve 



Indeed, note that /x" < Cm for all n and t. From the Energy Dissipation Equality (2.10) we 
conclude that 



and hence the curves (/x") are equi-absolutely continuous. Since m G ^2{X,d), the set of 
measures {fi G ^2iX, d,m)) : fj, < Cm} is relatively compact w.r.t W2-convergence. Hence, 
by a diagonal argument, we conclude that up to extraction of a subsequence /I" — fit for all 
t G Q+ and some fit G ^2{X,d). Using the equi-absolute continuity of the curves (//") and 
the equi-continuity of the maps Qn we obtain convergence for all times t £ [0, oo for the same 
subsequence and a curve (fit) in ^2{X,d) which is again absolutely continuous. 

Finally, we observe that since the operators QmQ'n do not increase the entropy we have 
[/"■(i/"-) < U{iy) and by lower semi-continuity of the entropy also Ent(/it) < liminf„ Ent(/I") < 
liminf„ Ent(/Li"). Moreover, we have W2(/if,z^") — )• W2{fJ-t,'^)- This allows to pass to the limit 
in (3.21) to obtain (3.20). □ 

Theorem 3.20 (Tensorization) . For i = 1,2 let (Xi, di,mi) £ X be non-branching metric 
measure spaces satisfying 1!ICT>{K, Ni). Then the product space {Xi x X2,d,mi ® m2) G X, 
defined by 



is also non-branching and satisfies RCD(i^, A'^i + A'^2)- 

Proof. We use characterization (i) of Theorem 3.15. The tensorization property for non-branching 
RCD{K, oo) spaces, see [5, Thm. 6.11], yields that (Xi xX2,d, mi®m2) is again a non-branching 
RCD(i^', oo) space. In particular the semigroup J^t associated to the product space is again ad- 
ditive. Moreover, the reduced curvature-dimension condition tensorizes, i.e. by [8, Thm. 4.1] 
[Xi X X2,d,mi ® 771,2) satisfies CD*(J^, A'^i -|- A'^2)- Since it is non-branching it is a strong 
CT)* {K,Ni -\- N2) space which proves the claim. □ 

We conclude with a globalization property of the RCD(i^, N) condition. We say that (X, d, 777) G 
X satisfies the Riemannian curvature-dimension condition locally if and only if every point 
X G supp?77 has a neighborhood M such that such that with mu = 777,(M)~^777|m the metric 
measure space {M, d,mM) is a KCD{K, N) space. 

Theorem 3.21 (Local-Global). Let {X, d, m) £ X be non-branching and assume that ^2{X, d, m) 
is a geodesic space. Then {X,d,m) satisfies the RCD(i^, A^) property globally if and only if it 
satisfies JICD{K, N) locally. 

Proof. We use again characterization (i) in Theorem 3.15. By [8, Thm 5.1] {X,d,m) satisfies 
CD*(i^, A^) globally if and only if it satisfies CD* {K, N) locally. The same holds for the strong 
version of the reduced curvature-dimension condition by the non-branching assumption. The 
globalization and localization of the fact that the semigroup is additive, or equivalently that 
Ch is quadratic, is in particular a consequence of [5, Thms. 6.18,6.20] where global-/localization 
of the ROD (A', 00) condition are shown. □ 




(3.21) 



{fit) in I^2iX,d). 




d{{x,y),{x',y')Y = d^{x,x'f + d2{y,y'f 
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4. Equivalence of CB'^{K,N) and the Bochner Inequality Bl{K,N) 

4.1. From CD^(Jf,iV) to Bakry-Emery-Wang BE'W{K,N) and BI{K,N). In this section 
we study the analytic consequences of the Riemannian curvature-dimension condition. In par- 
ticular, we show that it implies an L^-gradient estimate of Bakry-Emery-Wang type. This in 
turn allows us to establish the full Bochner inequality. 

As an immediate consequence of Definition 3.14 and Theorem 2.12 we obtain the following 
Wasserstein contraction estimate. 

Theorem 4.1 (VF2-expansion bound). Let (X,d,m) be a IICT){K, N) space. For any G 
i^2{X,d) and < s,t we have 

Sk/n Qi^2(^^,^sZ^)) < e-^(^+*)s^/^ QvF2(a^,^)) (4.1) 

^ K\ ) 2{s + t) ■ 

In particular, in the limit s ^ t and u ^ fi we have 

W2mii,M'sy? <e-^'''W2{li,vf + - -l^-f (4.2) 

+ o{W2{^l,yf + \t- s\'^) . 

Remark 4.2. Note that the (X, A^)-contraction estimate (4.1) for fixed K and N implies the 
following (standard) L^-Wasserstein iT-contraction: 

W2{M^i,My) < e-^'W2{ti,i^). (4.3) 

Indeed, (4.1) with s = t yields 

SK/N (]^W2{MlJ^,Ml^)^ < e-'^'sK/N Qw^2(/i,Z^)) . 

Let (o"s)sg[o,i] be a M^2-geodesic with ctq = /x and ai = v. We then apply the last inequality with 
A* = Cfc/n, y = (y[k+i)/n for A;, n G N, < A; < n and sum with respect to k. Then we obtain (4.3) 
by letting n — )• oo since sj^ij^ (9) = + o{9'^) as — 0. 

Remark 4.3. By virtue of (4.3), several regularity properties for and have been obtained 
in [5] for RCD(i^, oo) spaces. When / € L^nL°°, Htf has a continuous representative, denoted 
by Hf/, defined as follows (see [5, Theorem 6.1]): 



Ht/(x) := / / d^(5, 
Jx 



Moreover, {t,x) i— > H(/(x) belongs to Cb((0, oo) x X) for each / € L°°. The (standard) Bakry- 
Emery gradient estimate [5, Theorem 6.2] holds: for / G D(Ch), 

IVH,/]^ <e-2^'*Hi(lV/l^) . (4.4) 

m-a.e. According to [5, Thm. 6.8] we even have that Hf/ is Lipschitz for any / E L°°{X,m). 

Under the stronger RCD(i(', A^) condition these regularity properties can be further improved, 
Namely we have that H j is Lipschitz for any f £ (A, m) . This can be seen along the lines 
indicated in [5, Rem. 6.4]. Namely, using that RCD(A', A^) spaces are doubling (see Proposition 
3.7) and support a Poincare inequality by recent work of Rajala [22], one can show that the 
semigroup is regularizing from to L°°. 

Theorem 4.4 (L^-gradient estimate). Let (A, d, m) he a RCD(A', A^) space. For any f e L'(Ch) 
and t > we have m-a.e. in X: 

|VH,/l^ + _^i§_^lAH,/l2 - ^"'''^H.dV/l^). (4.5) 
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Proof. We first consider tlie case that / is bounded and Lipschitz. For x,y £ X , x ^ y and 
t,s > and any coupling TTg^t of Jifgi^x) and Mi{5y), we have 

H,/(x) - Hi/(y) < / \f{z) - f{w)\7:,^t{dzdw) . (4.6) 



Since \f{z) - f{w)\ < Lip(/)(i(x, y), (4.6) and (4.1) yield 

SK/N ( ^j^.p^^^ (H./(x) - H J(y))) < SK/N {]^W^{,m{5.),M{5y)) 

< SK/N (^lw2{Jn{Sx),J^siSy)) 

< e-(-)../. (!.(.,.))% • 

It implies that the map u i— t- H„/(z) is locally Lipschitz on (0, 1) for each z G X and hence 
differentiable £^-a.e. 

The first step is to show the following inequality: 

|VH,/|(.)2 + ^^^Ji^ ^ e-^^*H,(|V/p)(x) (4.7) 

for each x € X and t > such that u i— ?• H„ /(a^) is differentiable at t. Let y £ X and s > 0. let 
us define r = r(x, y; s, t) > and Grf : X — R by 



r := 



VF2(^.(<5,),^(5j,))V2 if W^2(=^.(5a.),^('5j,)) >0, 

(i(2;, y) otherwise. 
G./,.):.' sup ^^1^^ 

d(^,z')e{0,r) "1^5 ^ J 

Then by taking a coupling vTs^t as a minimizer of W2{J^s{Sx), ^^tiSy)) in (4-6), 

|/(z)-/(t/;)|^,,i(dzdt/;) 

1/(2) - f{w)\l{d{z,w)<r}'^s,t{'iz^'^) 

XxX 



+ / l/(^) - /(^i')|l{<i{^,«;)>r}7rs,t(dzdw) 
JXxX 



< / G^/(z)(i(z,w;)7r^,j(dzd'u;) + 2||/||oovr^,t(d > r) 



+ ^Tf^W^2(=^s(4), M{6y)f . (4.8) 



2, 

r 

After substituting (4.8) into (4.6), we apply (4.1) with fi = 6y and u = 5x to obtain 

Rsfix) - Ht/(y) 

<H,((G,/)2)(x)i/2 



+ 2||/||ooT^2(^.(<5x),^('5j,)) (4.9) 
by using our choice of r. 



24 MATTHIAS ERBAR * KAZUMASA KUWADA * KARL-THEODOR STURM 

Since the inequality (4.7) is quadratic w.r.t. scalar multiplication of /, we may assume without 
loss of generality that 

|V/|(x) = hmsup ^^^^^^ . 
Take a sequence (yn)neN in X such that lim } — fiVn) _ \xj holds. Take a € M \ {0}, 

n^co d{x,yn) 

which will be specified later. For each n G N, let us take s„ = t+ad{x, y„) and r„ = r(x, s„, t). 
Then we have 

Ilsj{x)-Rtfiyn) ^ ^.^ f RsJ{x)-Rtf{x) ^ Rtf{x)-Rtf{yn)\ 



n— >oo 



d{x,yn) n^ooy Sn-t d{x,yn) J 

= a^Ht/(x) + |VHJ|(x) . 

Take e > arbitrary. Since Grf is non-decreasing in r, by substituting s = Sn, y = y-n into 
(4.9), dividing both sides by d{x,yn) and letting n — t- oo, we obtain 

a^Rtfix) + |VHi/|(x) < Ht{\GJ\^){x)'/^ 



Q-2Kt _^ Q,2 



N{1 - e-2^*) 



Here we used the fact that i?u(|Ge/p) is continuous in u. Let be a unit vector in E? of 
the form X{l,a\/ N{e'^^^^ — 1) / {AKt"^)) with A > 0. Then, by rewriting the last inequality after 
e I 0, we obtain 



(^|Vi^J|(x),^ ^^j^'_^^ |H,/(x)j < e-^*//,(|V/p)(x)V^ 

By optimizing this inequality in a, we obtain (4.7). 

The second step is to show the following for any bounded and Lipschitz / G D(Ch): For each 
t > and m-a.e. x £ X, 

\VRtf\{xf + j^j^^f-^\ARt f{x)\' < e-2^*H,(|V/p)(x) . (4.10) 

For each x X, we already know that t i— )• H(/(j;) is differentiable for C^-a.e. t G [0, oo). Thus 
the Fubini theorem yields that the set / C (0, oo) given by 

/ := |t G (0, oo) 1 1— 7- H(/(a;) is differentiable for m-a.e. x G X | 

d ~ 

is of full £^-measure. Take t £ I. Then we have — Ht/(x) = AH^ /(x) m-a.e. and hence (4.7) 
yields (4.10). Thus it suffices to show / = (0,oo) to prove (4.10). Indeed, for any t G (0,oo), 
there is s G / with s < t. Since (n, z) i— )■ Huf{z) is locally Lipschitz, the dominated convergence 
theorem implies 

and hence u i— ?• H„/(x) is differentiable at t for any x £ X. 

Finally we prove the assertion for / G D{Ch.). Let fn G D(Ch) be a sequence of bounded 
Lipschitz functions on X converging to / in W^'^ strongly and |V/„| |V/|^„ in L^. Then 
A /„ — )• A Ht / in and hence the conclusion follows (cf. [5, Theorem 6.2]). □ 

In [5] a Bochner inequality without dimension term has been established on metric measure 
spaces with Riemannian Ricci curvature bounded below. Using the refined L^-gradient estimate 
of Bakry-Emery-Wang type given by Theorem 4.4 we can improve this result by establishing a 
finite dimensional Bochner inequality in IICD{K, N) spaces. 
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Theorem 4.5 (Bochner inequality). The IiCT>{K, N) -condition implies the following Bochner 
inequality Bl{K,N): for all f G -D(A) with Af £ W^''^{X,d,m) and all g G D{A) bounded and 
non-negative with Ag G L°° {X, m) we have 

\ J Ag\Vf\l dm - J <7(V(A/), V/) dm (4.11) 
> kJ g\Vf\l dm + 1 y g{Aff dm . 

Remark 4.6. Note that the classes of functions /, g appearing in the assumption of the previous 
theorem are not empty. Namely, they contain all functions of the form Ht h with h G {X, m) 
and t > 0, see Remark 4.3. 

Proof. We basically follow the arguments developed in [13] in the setting of Alexandrov spaces. 

We win first proof (4.11) for / G D{A) n CupiX) with Af G D{A) n L°°(X,m). From (4.5) 
we obtain immediately 

/AKt^ I' 
5|VH</|2 dm + ^^^-5^^y 5|AHt/|2dm 

< e-'^'JgB,{\Vf\l)dm. 

This will yield (4.11) by subtracting f 5f|V/|^ dm on both sides, dividing by t and taking the 
limit t \ 0. Indeed, we can argue exactly as in the proof of [13, Thm. 4.6], using the Leibnitz 
rule 3.14 (see [5, Thm. 4.18]), and note in addition that 



4Kt 

lim ■ 



-- J g\ARtf\^dm = | j g{Aff dm . (4.13) 



t^G N {e'^Ki - I) 

To obtain the estimate (4.11) for general / we can employ the approximation argument from 
the proof of [13, Thm. 4.6], the additional dimension term posing no difficulty. □ 

In the setting of smooth Riemannian manifolds the Bochner inequality is equivalent to a 
refined Bakry-Emery type gradient estimate due to Wang [26]. Also in our setting we can use 
the Bochner inequality (4.11) to improve the gradient estimate (4.5). Note that (4.14) is stronger 
that (4.5) for large t. 

Proposition 4.7 (Bakry-Emery- Wang) . For any Riemannian mms (X,d,m) the Bochner in- 
equality Jil{K, N) implies the following Bakry-Emery-Wang gradient estimate BEW(A', A^).- for 
any f G -D(Ch) and t > we have m-a.e. in X 

1 - p-^-f^* 

|VH,/|^+ |AH,/|^ < e-2^"*Hi(|V/|^) . (4.14) 

Proof. We basically follow the semigroup argument of Bakry-Emery and Wang. 

Arguing as in the proof of Theorem 4.4 it is sufficient to prove (4.14) for / bounded and 
Lipschitz. Fix g bounded and non-negative and e > and consider the function 



h{s) := e-^""' J Hs+eg\VHt-s+ef\^ dm. 
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Note that by Remark 4.6 for any r > the functions H^-g^Hrf are admissible in (4.11). Thus 
we can estimate the derivative of h as: 

h'{s) = -2Ke-^''' J Hs+eOl'^Ht^s+eff dm 
+ e-2^^y AHs+eg\VHt-s+ef\^ dm 
- 2e-2^'^ J H,+,g{'^Ht.s+ef,^AHt^s+ef) dm 

- j Hs+sg{AHt^s+eff dm 

- j He9{AHt+eff dm , 

where we have used (4.11) in the first and Jensen's inequality in the second inequality. Integrat- 
ing from to t we obtain: 

/I — e~^^* f 
H,g\VHt+ef? dm+ j H,g{AHt+jy dm 

<e-2^*y" Ht+,g\VHJ\^ dm. 
Finally, letting e — )• and using that g was arbitrary yields the claim. □ 

4.2. Prom BEW(0, A^) to EVI(0, N). In the following two sections, we assume that {X, d, m) 
is a Riemannian metric measure space (i.e. a mms with linear heat flow) and that the associated 
heat flow satisfies the Bakry-Emery-Wang gradient estimate BEW(i^, A^). Since the latter is 
more restrictive than the classical Bakry-Emery gradient estimate BE(i^, oo), we always can rely 
on the results in [6]. In particular, we already know that the Riemannian curvature-dimension 
condition RCD(i(', oo) holds true. Thus Ent is ET-convex along each geodesic in V2{X,d). To 
simplify the presentation, we assume m[X) = 1. Then Ent > and Un < 1 on V2{X, d). Recall 
that Un{p) = exp(— Ent p). 

For two reasons, we start with a separate study of the case K = 0. Firstly, even under this 
simplifying assumption the calculations are quite involved and vast. It would be much harder 
to follow the argumentation if also the curvature effects immediately entered the calculations. 
Secondly, the case K = allows to deduce the EVIk,n condition 'directly' whereas in the general 
case, currently we are only able to deduce the 'weaker' CD^(i^, A'^) condition. (Due to our full 
circle of implications, of course, this does not really harm.) 

Our approach is strongly inspired by the recent work [6] of Ambrosio, Gigli and Savare. We 
follow their presentation and adopt to a large extent their notation. The main difference is that 
our argument now relies on the analysis of the (nonlinear) gradient flow {i't)t>o for the functional 
—Un instead of the analysis of the (linear) heat flow which is the gradient flow {fJ-t)t>o for Ent. 
Both flows a related to each other via time change: 

ut = UTt , dtTt = ^Un im ) ■ 

The heat semigroup acting on functions (defined as the gradient flow of the Cheeger energy) as 
well as the heat semigroup acting on measures (defined as the gradient flow of the Boltzmann 
entropy) will be denoted hy Ht, t > 0. The same symbol also is used for the point- wise defined 
kernel acting on functions. 

Given a regular curve {ps)s£[o,i] ^ 'P2iX,d), we define a function ('time change') r : [0, 1] x 
[0,oo) ^ [0,oo) by 

That is, for each fixed s. 



dtTs,t = s ■ UN{Hr,^,Ps). (4.15) 



This defines r uniquely. 
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Differentiating the latter identity w.r.t. s yields 
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■/ X 



dr 



which implies 



T = t- UN{HrPs) - 



N Jo UN{HrPs) Jx 



\og HrfsHrfs dm dr 



(4.16) 



Here and in the sequel fs = fs = 9s/s and fg^t = dsTg^t- Put 



Ps,T '■— Ht^^Psi fs 



dps 



dm 



Hrstfi 



Duality for optimal transports provide estimates for 2^ from above and below. On the one 
hand, 



1 1 

-W'^[po,pi) = -inf / \ps\^ds 

2 2 p 7o 



for absolutely continuous curves (/Os)s6[o,i] connecting pQ and pi. On the other hand 

\W^{Po,Pi,t) = sup 



fidpi,T - / ^odpo 



where {^s)s&[o,i] is the Hamilton-Jacobi flow starting in ipQ. 

We use the notion of a regular curve in 3^2{X-, d) as introduced in [5, Def. 4.10]. 

Proposition 4.8. For each regular curve (ps)se[o.i] G 'P2{X^d) and each t>0 



1 1 /"^ 

-iy2(po,Pi,r)- 2 \ps\^ds + 



Nt-[UN{po)-UN{pi,r)] < 



f Un{Ps,t] 

\UNiPs,o] 



ds (4.17) 



Proof. For all the subsequent calculations, apart from considering regular curves, an additional 
regularization is requested which truncates the singularities of the logarithm appearing in the 
definition of the entropy and the Fisher information. To simplify our presentation, we skip the 
details of this regularization which is performed exactly in the same manner as in [6, Lemma 
4.15, Thm. 4.16]. 

We use the abbreviations a = as^r = /q^ I V log /s^^p/s^,- dm and /? = f]s,T = / ^'■Psfs,Tdm. 
Moreover, we put = a^.r = |V log /s,rP/s,r dm and Ur = UNiPs,r), Ur = Un{Ps,t)- 

Given any (sufficiently regular) Hamilton-Jacobi flow {'Ps)se[o,i] (which finally will be opti- 
mized to yield the optimal transport from po to pi,r)i the basic inequality ds^Ps < — ^|V(/9sp 
implies 



(A) := / ifidpi^r - / V>odpo,T 



\Ps\'^ds 



j -)^\Ps?' + j ds{(ps fs,T)dm 



ds 



< 



Psl"^ + / -ol^V'sP fs,T + Hrifsfs + f/S.Hrfs ■ ifs] dm 



ds 



j -^\Ps\^ j \y^s\^ fs,Tdm 

f ■ ^ r Ur 

+ fs - Hrifs dm + /3tUr - P 



N Jq Ur 



fs ■ Hrlogfs,rdmdr 



ds. 
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Moreover, 



(B) := Nt ■ [Un{po) - UN{pi,r)] = t [ UN{ps,r)ds Ent{ps,r)ds 

Jo 

-1 



< tj UN{Ps,r)- I log f,^r- Hrfs+fAHrfs 
-1 

tur ■ I fs- Hr log fs,T dm - fu^a 



dm ds 





+tUra^ 1 — I fs ■ Hrlogfs.r dmdr 



ds. 



Adding up 

iA) + {B) < -^\ps\'^ j \V^s\'^ fs,rdm + tUriP-tUra) 



"1 



Hr (iPs + tUr log fs^r) ~ ~ tUra)^Hr log fs^r 



dm dr 



ds 



< J j \Vips\'^ fs,Tdm + tUr{/3 - tura) 



1 r 1 

"1 



V 



T U 
Hr {ifs + tUr log fs^r) " T? (/^ " tUra) — Hr log fs 

iV Ur 



fs dm dr 



ds 



< j j \Vips\^ fs,Tdm + tUr{li -tUrO) 



+- 



1 r 1 



rJo 2 



V 



Hr-r (^s + log fs,r) - ^{P - tu^o) — log fs^r 

iV Ur 



1 r r 

iC,) + {C2) + {[D + Ef) + {F) 



T U 
Hr {iPs + tUr log fs^r) - ^{(3 - tUra) — Hr log fs,r 



fs r dm dr 



fs dm dr 



ds 



ds 



by application of the Bakry-Emery-Wang estimate BEW(0, N) to the kernel Hr- The last term 
will be estimated as follows 



T 11 
Hr {ifs + tUr log fs,r) - l^^iP - tUrO) — Hrlog fs 

Jy Ur 





2 


fsdm 


dr 



ds 



1 r r 



T Ur 

-f3 + tUrO Zril^ — tUrCt) Or 

N Ur 



dr 



ds 



, ^ Ur 

A* Ur 



dr 



ds. 



The second last term [[D + E]'^) can be decomposed into 



ds, 



{2DE) 



T U 

Nu 



-(/3 — tura)^dr 



ds 
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and 



(D^) = j ^ j \VHr-r i^s+ tUr log fs,r)\'^ fs,r dm dr ds 

< j ^ j \V {(fs + tur log fs,r)\'^ fs,T dm dr 

\AHr-r {fs + tUr log f s ,t)\^ f s ,r dm dr 



1 rr-r 



rJo N 

"1 



< j ^ j \V (ifs + tUr log fs,r)\'^ fs,T dm dr 



1 rr-r 



rJo N 



AHr-r i^Ps + tUr log fs,r) fs,r dm 



dr 



\V(ps\ fs,Tdm - tUrP + -t u^a 

I T 



1 rr-r 



N 



ds 



{(3 — tUrCt)^dr 



ds 



where we applied again the Bakry-Emery-Wang estimate BEW(0, A^), now to the kernel Hr-r- 
Summing up everything yields 



{A) + {B) < [ 
Jo 



where 



(G) 



1 

L 

r Ur 



ds 



2 / \ 2 

r / Uj 



2N \ u. 



Ur T — r 



r U-r 



fT TT Or H Or « 



N Ur 



dr 



dr 



T 

< - 

- 4 



- -1 



For the latter note that dr — 



■jf:^OLr and thus 



r Ur J I "'T , 

Or dr = T — — dr 

N Ur Jo Ur 



Ur 



and 



That is, 



N n \u 



— i — ] ardr = - 



\ 2 

uoj 



(fidpi^r- I ^odpo,r-^ j \Ps?'ds + Nt-[UN{po) -Un{pi,t)]< 



Optimizing w.r.t. ipQ finally yields the claim. 



f UN{ps,T) \^ ^ 
\UN{Psfi)j 



ds. 



□ 



Theorem 4.9. The Bakry-Emery-Wang estimate BEW{0, N) implies the EVI{0,N) inequality: 
For every pi £ ^2{X,d) and all po E ^2{X,d) we have 



di2 



W^{po,Htpi] 



< N ■ 



t=o 



1 



Un{pi) 



Proof. Since we already know that the Boltzmann entropy Ent is /^-convex along each geo- 
desic in V2 {X^ d) , we may require that Ent is bounded and continuous along each curve under 
consideration. Given any AC^-curve (ps)sg[o,i] in 'P2{X,d) along which Ent is continuous, we 
approximate it by regular curves {p^)se[o,i] &s in [6, Prop. 4.11] with the additional constraint 

EntiHtp"^) ^ Ent{HtPs) (4.18) 
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for all s, t as n — 7- oo. 

Then for each s,t the numbers r]^( (defined in terms of the curve iPs)se[o.i]) converge to the 
number Ts^t (defined in terms of the curve (/9s)se[o,i])- 

Given t > 0, the estimate from the previous proposition holds true for each of the regular 
curves (p^ )sg[o,i]- As n — oo, by continuity the same estimate holds true for the curve (/Os)se[o,i]- 
Thus we are allowed to choose iPs)se[o,i] the geodesic connecting po and pi which yields (after 
dividing by t) 



^WHpo,Pl,r)-\w^{pO,Pl) 



+ N ■ [UNipo) - UN{pi,r)] < 



T 
It 



\Un{Ps,o] 



1 



Since always Tg t < st, the above RHS can be estimated from above by 



ds. 
(4.19) 



f UN{Ps 



\Un{Ps,o) 



1 



ds 



which converges to as t —t- according to dominated convergence (w.r.t. s) and the fact that 
the Boltzmann entropy is continuous along the heat flow: 1 1— )• Ent(/3s,t) is decreasing and lower 
semi-continuous. Thus 



d 

t=o dt 



Since ^Ti^t = Un{pi), this finally yields the EVIo,Ar-inequality 



t=o 



t=0 



< iV 



Un{po) 
Un{pi) 



□ 



4.3. From BEW(Er, N) to CD^(i(', N). Throughout this section, (X, d, m) will be a Riemannian 
mms which satisfies the Bakry-Emery-Wang gradient estimate BEW(-ftr, A^). It implies the 
(weaker) estimate 



(4.20) 



Given a regular curve {ps)s&[o,i\ ^ ^2(Ar, d), we define as in the previous section the time change 
r : [0, 1] X [0, oo) [0, oo) by' 

dtTs,t = S ■ UNiHr^ tPs). 

Instead of the classical L^-Wasserstein distance 

1 1 /"^ 

-W^{po,pi) = mf- / \ps\'^ds 

2 P ^ Jo 

we now will be concerned with the weighted distance 

inf - / \ps\'^ -e-Kpi-lK ■Ts t)ds. 
f ^ Jo 

Proposition 4.10. For each regular curve {ps)se[o,i] ^ 'P2{^,d) and each t > 



1 



W\po,Pi, 



I C \ps\''-e-''^ds+Nt-[UN{po) - UN{pi,r)] < C 
^ Jo Jo 



f Un{Ps 



\Un{Ps,o) 



1 + 4r 



■e^\^\^ds 



(4.21) 



Proof. The proof is completely analogous to the proof of the previous Proposition 3.8. We use 
the same symbols and indicate the difference. Put 



{A) := / Lfidpi^r - I ^odpo 



-2Kts. 



ds 
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{A) + {B) < 





1 

+- 
r 

"1 



1 ' ■ |2„-2A'r 1 



\Ps\ e 



fse 



|V(^s|^ fs^rdm + tUr{(3 — tUrO) 



-Kt 



T U 
Hr {ips +tUrlogfs^r) " (/? " tUra) — Hr log fg^r 



dm e^^^ ^ dr 



ds 



< j ~\ j \'^fs\'^fs,Tdm + tUr{l3-tUra) 



+- 



1 r 1 



V 



7~ li 

i^r ('/'s + tUr log Z^^) - — (/3 - tUra) — Hr log /s 

iV Mr 



/, dm dr 



< j j \V(fs\'^ fs,Tdm + tUr{/3 -tura) 



1 /-^ 1 
+- 



rJo 2 



V 



Hr-r i^s + log /s,r) -—(/?- tu^o) — log 

iV tir 



X /"^ T f T IX 

/ — / A if^ (99s + tn^ log - —{P -tUra) — Hrlogfs,r 

T Jq N J [ N Ur 

(C^) + {C2) + {[D + E]') + (F) 



fsrdme+'^^^^^'Ur 



fs dm e+^(2r-r) 



ds 



ds 



by application of the Bakry-Emery-Wang estimate BEW(A', N) to the kernel Hr- The last term 
will be estimated as follows 



1 /"^ r 

— 1/3 - tn^a|^ 



1 + T7 — "r 



Jo [ ^ JO 

The second last term {[D + E]"^) can be decomposed into 



ds. 



1 ri r2 



ds, 



and 



{2DE) = r l-^{f]-tUrafe+^''^--'-Ur 

Jo I'T Jo Ur 



ds 



{D^) = ^ j^^\J \VHr-r{^s + tuAogf s,rf f s,r dm e+^'^'^^-'Ur 

< j ^ j \V (iPs + tUr log fs^r)\'^ fs,T dm dr 



ds 



/o I' Jo 
1 r T-r 



rJo N 



AHr-r {(fs + tUr log fs,r) fs,r dm 



,+K[r-r) 



ds 



1 1 /"^ r — r 
\V^Ps\^ fs,Tdm-tUrl3 + -t^ula / — — 

2 T In iV 



(/3 - turafe+^^^-''^ dr 



ds 



where we applied again the Bakry-Emery-Wang estimate BEW(/\, A^), now to the kernel Hr- 
Summing up everything yields 



Jo 



1 



1 



^t\la + —iP - tura)^ ■ {G) 



ds 
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where 



(G) 



r V NUr J 2N \ urj 



Ur 



That is, 



< 



1 „ 



Uq 



l+4r 



ZjZleKir-r) 
T 



dr 



< 







{ Un{Ps,t) 



1+4t 



^ds + Nt-[UN{po)-UN{pi,r)\ 



Optimizing w.r.t. (^o finally yields the claim. □ 
Proposition 4.11. For each geodesic {ps)se[o,2] ^ T^2{X,d) 

Un{pi) > Iun{po) + Iun{p2) + • 1)Un{Ps) ds (4.22) 

where g{s, r) = ^ min{s(2 — r), r(2 — s)} denotes the Green function on the interval [0, 2]. 

Proof. As already demonstrated in the proof of Theorem 3.9, the geodesic {ps)se[o,i] can be 
approximated by regular curves {Ps)s&[o,i] in such a way that the estimate (4.21) - valid for each 
of the regular approximations - also holds true for the geodesic {ps)se[o,i]- That is, we obtain 



l:W\po,pi,r)-l:W\po,pi)- 



-2Kt 



ds < -Nt-[UN{po)-UN{pi,r)] 



+ 



f UN{Ps 



\Un{Ps,o) 



1 + 4t 



An analogous estimate holds true for the geodesic (/92-s)s6[o,i] 



ds < -Nt-[UNip2)-UNipi,r)] 



+ 



f UN{Ps 



\UN{Psfl) 



1 + 4t 



Moreover, since {ps)s^[Q,2] is a geodesic 

hv\po.Pl) + ]^W\p2,Pl) - \w\p^,pi,r) - \w\p2.p^,r) < 0- 

Adding up these three inequalities (and dividing by t) yields 



\w\p^,P2)-\ 



e-'^'-ds 



e-'''-ds 



< N ■ [2UN{pi,r) - Un{po) - Un{P2)] 



+- 



+ - 



\Un{Ps 



\Un{Ps 



1 + 4t 
1 + 4t 
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As 4 —7- 0, the two last terms on the RHS wih disappear (same argument as in the proof of 
Theorem 3.9. Lower semi-continuity of the entropy imphes that the first term on the RHS in 
the hmit t — ?• will be bounded from above by 

N ■[2Un{pi)-Un{po)-Un{p2)]. 
Finally, by the very definition of r, 

1 " ' 



lim 

t-5>0 t 



-2K / dtTs,tds 
Jo 

-1 

-2K ' 



sUN{ps)ds + {2- s)UN{ps)ds 

= -4K [ g{s,l)UN{Ps)ds. 
Jo 

Thus we end up with 

-^W\po,P2) ■ r g{s,l)UN{ps)ds <N-[2Un{pi) - Un{po) - Un{p2)] • 
^ Jo 

Since \p\ = W'^{po, p2)/2, this proves the claim. 

Remark 4.12. A simple rescaling argument yields that for each geodesic {ps)s£[o,i] ^ "^2 



□ 



1 1 K f 1 

C^Jv(Pi/2) > 2f^^(Po) + 2^^(/'i) + -^\P\^ ■ 9 is, - 



Un{Ps) ds 



where g{s,r) = min{s(l — r),r(l — s)} now denotes the Green function on the interval [0, 1]. 
Moreover, a slight modification of the previous argument allows to prove that 



UNiPr) > (1 - r)UN{po) + rUNiPl) + ^IpP 



g{s,r)UNiPs) ds 



(4.23) 



for each r G [0, 1]. 



Theorem 4.13. The Bakry-Emery-Wang estimate 'BFiW{K,N) implies the entropic curvature- 
dimension condition CD'^{K,N). 



Proof. We want to prove that along each Wasserstein geodesic (ps)s6[o,i]) 

u: sh^ Un{Ps) 

satisfies 

u" < An 

with A = —-^1/3 p. The differential inequality implies that 



the function 



u{s) > 4^"'^ • u{0) + a'^' ■ u{l) 



is) 



(4.24) 
(4.25) 

(4.26) 



with g(s, r) = min{s(l — r), r(l — s)} being the Green function on the interval [0, 1]. Conversely, 
if any of these two conditions holds for all geodesies, (4.24) will follow. Actually, for this 
conclusion, it suffices to verify the latter conditions for s = i. This is the content of the 



(with the usual coefficients o-^^^) as well as 



u{s) > (1 — s) • u{0) + s ■ m(1) — a • / g{s, r)u{r)dr 



previous Proposition. 



□ 
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